In two-phase gas-liquid flows, the properties of the interface between the phases are of particular interest. Unfortunately the complexity of the interface dynamics due to breakage and coalescence represents a considerable difficulty in the study of bubbly flows. In recent years population balance modeling has been used increasingly to account for size distribution of bubbles in the dispersed phase. In this work we attempt to evaluate various breakage and coalescence kernels developed in literature. The implementation uses a multifluid-population balance model of a cylindrical bubble column. The simulated results for breakage frequency and breakage daughter size distribution closures are verified by evaluating their bubble number and mass conservative properties.
Introduction
In two-phase gas-liquid systems, the properties of the dispersed phase are of great interest (i.e. interface mass transfer). The complex effect of breakage and coalescence on the interface and its dynamics presents a considerable challenge in the study of bubbly flows. Therefore, mechanisms of bubble breakage and coalescence representing the two main events of influence play a significant role in the investigations of two-phase bubbly flows.
Many approaches for the modeling of breakage and coalescence have been proposed in the literature. The bubble deformation and subsequent breakup is usually described in a form of a force balance, i.e. by introducing a ratio between the forces causing the bubble to deform (turbulent fluctuations, viscous shear stress, surface instabilities, bubble wake effects etc.) and the forces that counteract the deformation (surface tension). The mechanisms of the deformation depend on the particular flow conditions. Models accounting for multiple simultaneous phenomena have been proposed. Regardless the exact origin of the deformation, breakage is assumed to occur when the ratio of deforming and stabilizing forces exceeds a critical value.
The dimensionless Weber number is useful in analyzing multiphase flows with strong surface curvatures. Hence, a critical Weber number is often used in thin film flows and the formation of bubbles and droplets. Phenomenological model for bubble break-up and coalescence in turbulent gas-liquid dispersions were proposed along with experimental studies on the deformation and breakup of bubbles in turbulent flow.
Recently, CFD has been utilized heavily in multiphase flow studies and the modelling of multiphase chemical reactors. Models allowing detailed description of the bubble size distribution in the dispersed phase based on the population balance approach in particular have been studied intensively in the last two decades. Population balance coupled with the multi-fluid Eulerian-Eulerian (as opposed to the EulerianLagrangian approach) approach has been frequently used to study multiphase flows (Lehr and A need for reliable closure models for the source terms (i.e. birth and sink terms for breakage and coalescence) in the population balance equation emerged. In particular, the kernel functions of the integral terms for breakup and coalescence have been studied extensively. Significant work on the mathematical formulation of breakage rate, daughter size redistribution and the coalescence rate functions describing bubble or drop breakage and coalescence have been carried out.
Given the complexity and the subsequent lack of understanding of described phenomena, the theoretical models proposed are usually of semi-phenomenological origin. Coulaloglou & Tavlarides [4] developed a simple model for breakage in turbulent flows. They assumed breakage if the turbulent kinetic energy received by the drop/bubble from the turbulent eddies exceeded the surface energy. They defined a breakup frequency of a drop of diameter ξ as:
A number of other formulations of breakage mechanisms in turbulent flows have been presented afterwards, in particular by Konno et al., 1982 [5] , Hsia and Tavlarides [6] , Hesketh [7] , Luo and Svendsen [8] , Baldyga and Podgórska [9] , Alopaeus et al. [10] , Martínez-Bazán et al. [11] , Lehr et al. [12] , Wang et al. [13] , Zhao and Ge [14] and Martínez-Bazán et al. [15] . Lasheras et al. [16] and Liao and Lucas [17] presented extensive reviews of breakage models considering various underlying physical assumptions. Moreover, reviews about existing coalescence models can be found in Liao and Lucas [18] .
In this work, a vertical bubble column model coupled with population balance using selected breakage frequency and daughter size redistribution functions have been used to study the proposed closure relations. Particularly, the number and mass (volume) conservative properties have been evaluated to assess the physical validity of the mathematical model formulations for breakup. The effect of different breakage rate profiles on the evolution of bubble mass distribution density along the reactor is shown.
Model equations
An Eulerian-Eulerian type two-fluid model of a vertical bubble column for air-water system with population balance for the dispersed phase size is presented. The model uses a one-dimensional physical coordinate z along the height of the column and a separate coordinate ξ in property space representing the diameter of spherical non-deformable bubbles. The volume-averaged conservation equations for mass and momentum in each phase along with the relations between the quantities of the model are summarized in Table 1 . Breakage and coalescence terms along with constitutive equations are shown in Table 2 .
The presence of the bubbles is reflected by the dispersed phase volume fraction α d . The velocities of the two inter-penetrating phases constituting the liquid(continuous) phase velocity v l (z) and the gas(dispersed) phase velocity v d (z,ξ) are calculated from the corresponding mass and momentum conservation equations respectively. The gas phase is presumed to follow the ideal gas law from which the gas density ρ d is obtained. We assume constant density of liquid phase ρ l = 998 kg/m 3 . Pressure p is obtained from the continuous phase momentum equation Usually, the kernel breakage rate function in the integral source term is presented as the product of breakage frequency b(ω), daughter redistribution h b (ξ,ω) and number of daughter particles ν(ω). The daughter redistribution h b is related to the redistribution probability function P(ξ,ω) as h b (ξ,ω) = ν(ω) P(ξ,ω). b(ω) gives the rate by which a bubble of size ω undergoes breakage. Binary breakage models for which ν = 2 are most frequent in the literature, the model of Konno et al [5] being an exception by assuming the occurrence of ternary breakage ν = 3. Table 3 lists the model equations used in this work.
The volume of the dispersed phase must be conserved during bubble breakage. Further, the redistribution function has to be consistent with the number of daughter particles. For a binary breakage event with a total number of daughter particles ν = 2 of volume Vω) and V(ξ) -V(ω), ξ being the size of the parent particle, the 0 th and 3 rd moments of the daughter size redistribution function h b (ω, ξ) are related and are thus used to check the conservation properties, i.e. number and volume (mass).
The overwhelming majority of the breakage and coalescence closures were developed with binary collisions in mind. The breakage rate b(ξ) gives the likelihood of a particle of diameter ξ breaking up to smaller daughter particles. A particle is assumed to break into exactly two smaller daughter particles, and the daughter sizes are specified by the daughter size redistribution function h b . Of a particular interest are the 0 th and 3 rd moments of the redistribution function which for a fixed number of daughter particles ν and volumes of the parent V(ξ) and daughter V(ω) particles can be used to check number and mass conservation properties: 
Momentum equation for continuous phase Growth velocity
(1 )
Momentum equation for dispersed(gas) phase Mass flux ( )
Dispersed phase density Volume fractions 
Bubble swarm effect [15, 16] Sauter mean diameter 
Coalescence source term 
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Prince & Blanch coalescence [24] Martínez-Bazán [15] ( ) 
Least-Square solution
The resulting set of integro-differential equations is solved using the least square spectral element method. It is a high-order finite element method which uses the roots of Gauss-Lobatto-Legendre(GLL) polynomials as collocation points to minimize the spectral error. It seeks a solution that minimizes the norm equivalent least square functional
where f ∈ X (Ω) ⊂ L 2 with a norm and associated inner product, ℑ: X → Y being a bounded linear operator, X(Ω) is a compact domain of square integrable functions, Ω ∈ R N and Γ is the domain boundary ∂Ω. Minimal values of the functional are found from the variational statement δJ = 0, i.e. using Fréchet derivative
The minimization statement (32) can be written as
This is equivalent to a weighted residuals method formulation ( )
This can be written as:
By restricting the functional space X (Ω) to a subspace X N (ω) ⊂ X (Ω) such that the bases of X N are the polynomials φ(x), i = 1…N defined by the N collocation points, we approximate the infinite dimensional unconstrained optimization task with a finite dimensional problem:
which can be written as a system of N linear equations(perturbation functions) with N unknowns A.f = F, where
and f is a vector of unknowns f j . By dividing up the domain Ω ⊂ R N to a set of N e non-overlapping subdomains Ω e we introduce a finite number of elements over which the least-squares functional is then defined
The minimization problem is then expressed as 
The system of linear equations for the approximate solution is given by
where L is the problem operator matrix, W is the diagonal Gauss quadrature weights matrix, A is the normal matrix, g = (g 1 , g 2 , … , g 8 ) T is the right hand side source vector and f = (f 1 , f 2 , … , f 8 ) T is the solution vector.
Results and discussion
For the numerical simulations we used 3 spectral Gauss-Lobatto-Legendre elements of order 6 in z. Only one element of order 40 was used for the internal property discretization.
The numerically calculated 0 th and 3 rd moments of the presented daughter size redistribution functions h b (ω, ξ) are listed in Table 4 . Binary breakage models should result in a total number of daughter particles ν = 2, Konno et al. [5] gave an analytical expression for ternary breakage with ν = 3.
Assuming binary breakage a parent particle of size ξ undergoing breakage yields two daughter particles of sizes Ω ∈ (ξ min , ξ) and ζ = (ξ . The mass or volume conservation property is then expressed as the ratio of the total volume of the daughter particles V(ω) + V(ζ) and the volume V(ξ) of mother particle.
The calculated values are in agreement with theoretical expectations. The minor deviations from the exact analytical values for the Valentas [25] and Lehr [12] models are of numerical origin and are convergent in nature. The results confirm the mass conservation ratio of 0.453 per daughter particle as reported by Martínez-Bazán [15] for the Konno et al. [5] model which is known to be non-conservative in volume. Martínez-Bazán [26] formulated their original number conservative model in terms of particle volume V(ξ), but they expressed the final formula in terms of particle diameter ξ so that the resulting mathematical formulation was not conserving volume. They presented their revised number and volume conservative model in [15] . Figure 1 illustrates the contradictory nature of the breakage redistribution profiles available in literature. The exact shape is highly problem dependent (hydrodynamics, surfactants etc.) and is best confirmed by measurements. Parameter adjustable models (Wang et al. [13] ) exist to cover different scenarios.
The evaluated breakage frequency functions b(ξ) are plotted in Figure 2 . The shift towards smaller bubble diameters caused by breakage inside the reactor is depicted by Figure 3 . In comparison, the effect of critical bubble diameter ξ c present in the Martínez-Bazán [15] formulation under which no breakage occurs is shown on figure 4. 
Conclusions
Several bubble breakage closures were studied. The presented models gave different shapes for the daughter size redistribution as well as the breakage frequency. The mass and number conservation properties of the models were evaluated. The effects of different breakage models on the bubble distribution were simulated in conjunction with a multi-fluid bubble column model coupled with population balance. For coalescence, the coalescence model of Prince & Blanch [24] with parameter adjustments to experimental data (as suggested by Mitre et al. [27] ) was used.
The resulting mathematical model was solved using the Least-squares spectral element method in connection with a conjugate gradient solver with Jacobi preconditioner in a matrix free formulation. The resulting bubble distribution profiles inside the reactor were highly influenced by the chosen closure models. Experimental data obtained under specified conditions are needed to assess the performance of existing breakage and coalescence relations.
